We study low-energy effective field theories for non-Fermi liquids with Fermi surfaces of general dimensions and co-dimensions. When the dimension of Fermi surface is greater than one, low-energy particle-hole excitations remain strongly coupled with each other across the entire Fermi surface. In this case, even the observables that are local in the momentum space (such as the Green's functions) become dependent on the size of the Fermi surface in singular ways, resulting in a UV/IR mixing. By tuning the dimension and co-dimension of the Fermi surface independently, we find perturbative non-Fermi liquid fixed points controlled by both UV/IR mixing and interactions.
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We study low-energy effective field theories for non-Fermi liquids with Fermi surfaces of general dimensions and co-dimensions. When the dimension of Fermi surface is greater than one, low-energy particle-hole excitations remain strongly coupled with each other across the entire Fermi surface. In this case, even the observables that are local in the momentum space (such as the Green's functions) become dependent on the size of the Fermi surface in singular ways, resulting in a UV/IR mixing. By tuning the dimension and co-dimension of the Fermi surface independently, we find perturbative non-Fermi liquid fixed points controlled by both UV/IR mixing and interactions.
There have been intensive efforts to understand unconventional metallic states that lie outside the framework of Laudau Fermi liquid theory [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Among the goals are to construct minimal field theories that capture universal low-energy physics, understand the dynamics in controlled ways, and eventually come up with a systematic classification for non-Fermi liquids.
From a theoretical perspective, it is convenient to classify metals in terms of the dimension of Fermi surface and the space dimension (or co-dimension). Throughout the paper, we will use m for the dimension of Fermi surface and d for the space dimension. d controls the strength of quantum fluctuations, and m controls the extensiveness of gapless modes. Although d and m are discrete in reality, we will treat them as continuously tunable parameters to find controlled examples from which physical dimensions can be approached. Regarding d, theories below upper critical dimensions flow to interacting nonFermi liquids at low energies, whereas systems above upper critical dimensions are expected to be described by Fermi liquids. Concerning non-Fermi liquids below upper critical dimensions, theories with m = 1 are fundamentally different from those with m > 1. This is due to an emergent locality in momentum space that is present for m = 1, but not for m > 1 [15] . The locality has to do with the fact that observables that are local in momentum space, such as Green's functions, can be extracted from local patches in momentum space without having to refer to global properties of Fermi surface [22] . By exploiting the locality in momentum space, controlled nonFermi liquid fixed points are found in patch descriptions for m = 1 [7, 8, 11, 13, 14] .
In contrast to the case with m = 1, non-Fermi liquids with m > 1 are less well understood. The naive scaling based on the patch description breaks down as the size of Fermi surface (k F ) qualitatively modifies the scaling through the Landau damping. This is due to a UV/IR mixing where low-energy physics is affected by gapless modes on the entire Fermi surface in a way that their effects cannot be incorporated within the patch description through renormalization of local properties of the Fermi surface. In this sense, k F becomes a 'naked scale' for m > 1. When a critical boson, that is coupled to Fermi surface, has a large number of flavors or velocity much higher than the Fermi velocity, one can find a wide range of energy scale over which the effect of k F can be ignored [16] , before the theories eventually enter into the low-energy limit dictated by the Landau damping [17] . However, the nature of non-Fermi liquid fixed points in the low energy limit with general m > 1 has not been fully understood yet. In this paper, we provide a controlled analysis that shows how interactions and the UV/IR mixing interplay to determine low-energy scalings in non-Fermi liquids with general m. We first consider an m-dimensional Fermi surface, which is coupled with a critical boson whose momentum is centered at Q = 0 in d = (m + 1) space dimensions. One way of characterizing non-Fermi liquids is through scaling behaviors of the fermion and boson Green's functions. For this purpose, it is convenient to focus on the point (say K * ) at which the fermion Green's function is defined. At low energies, fermions are mainly scat-tered along the tangential directions by the critical boson. In the presence of the inversion symmetry, fermions near K * are most strongly coupled with fermions near its anti-podal point −K * whose tangent space coincides with that of K * . With this in mind, we divide the closed Fermi surface into two halves centred at momenta K * and −K * respectively, and introduce separate fermionic fields ψ +,j and ψ −,j representing the corresponding halves, as shown in Fig. 1(a) . In this coordinate system, the action is written as
Here
represents the fermion field with flavor j = 1, 2, .., N , frequency k 0 and momentum
the momentum components perpendicular and parallel to the Fermi surface at ±K * , respectively. The momentum is rescaled such that the absolute value of the Fermi velocity and the quadratic curvature of the Fermi surface at ±K * are equal to one. Because the Fermi surface is locally parabolic, it is natural to set the scal-
.k in denotes cubic and higher order terms in L (k) , where k F is a scale of dimension 1. The range of L (k) in dk is set by the size of the Fermi surface, which is of order k 1/2 F in this coordinate system. The Yukawa coupling has been also expanded around ±K * , and only the momentum independent part is kept. For the Ising-nematic quantum critical point, which we consider in this paper, we have e + = e − .
The action is reminiscent of patch theories that have been used to describe non-Fermi liquids with onedimensional Fermi surface. However, there is an important difference between the theory with general m > 1 and the one with m = 1. For m > 1, any two points on the Fermi surface have at least (m − 1) common tangent vectors, and the whole Fermi surface remains strongly coupled at low energies. Because of the coupling that is global in the momentum space, the theory with m > 1 is ill-defined in the k F → ∞ limit unlike the case with m = 1. In other words, low-energy (IR) observables, such as the fermion and boson Green's functions near k = 0, can not be defined until global properties, such as the size and shape, of the Fermi surface are specified at large momenta (UV) for m > 1. In Fermi liquids, this UV/IR mixing is encoded in the Landau parameters which are non-local in the momentum space. It is our goal to understand consequences of the UV/IR mixing in non-Fermi liquid states with m > 1.
provides a large momentum cut-off along the directions parallel to the Fermi surface. Although irrelevant by power counting, it is crucial to include the higher order terms to keep the information that the Fermi surface is compact. In principle, one has to keep an infinite set of independent parameters c i1,..,in that encode the precise shape of the Fermi surface. Here we consider a simplified 'UV regularization' which keeps the essential physics of the higher-order terms but is simple enough to be amenable to an analytic treatment. Specifically, we consider a regularized kinetic term
. (2) Here we keep the dispersion parabolic, but the exponential factor effectively makes the size of the Fermi surface finite by damping the propagation of fermions with
F , as is illustrated in Fig. 1(b) . In order to control the Yukawa coupling and the strength of UV/IR mixing independently, we tune both the dimension [16] [17] [18] and the co-dimension of the Fermi surface [13, 14, 19] . To keep the analyticity of the theory in momentum space (locality in real space) with general co-dimensions, we introduce a spinor [13, 14] 
represents the gamma matrices associated with K. Since we are interested in codimension 1 ≤ d − m ≤ 2, we consider only 2 × 2 gamma matrices with
is the scaling dimension of the Yukawa coupling. Here, e is dimensionless and µ is a mass scale. We also define a dimensionless parameter for the Fermi momentum,k F = k F /µ. The spinor has the energy dispersion with two bands, E k = 
Besides k F and e, the theory implicitly has a UV cutoff for K, which we denote as Λ. If k is the typical energy at which we probe the system, the limit of interest is k << Λ << k F . This is because Λ sets the largest energy (equivalently, momentum perpendicular to the Fermi surface) fermions can have, whereas k F sets the size of the Fermi surface. We will consider the renormalization group flow generated by changing Λ and requiring that low-energy observables are independent of it. This is equivalent to a coarse graining procedure of integrating out high energy modes away from Fermi surface, while not touching the zero energy modes on it. We treat k F as a dimensionful coupling constant. To access perturbative non-Fermi liquids, we fix m and tune d towards a critical dimension, at which quantum corrections depend logarithmically on Λ within the range Λ << k F . The Yukawa coupling is dimensionless at d c = 4+m 2 . However, it turns out that this is not the actual upper critical dimension at which the quantum corrections diverge logarithmically in Λ.
In order to identify the actual upper critical dimension, we consider the one-loop quantum corrections. Since the bare boson propagator is independent of k 0 , .., k d−m , the loop integrations involving it are ill-defined, unless one resums a series of diagrams that provide a non-trivial dispersion along those directions. This amounts to rearranging the perturbative expansion such that the oneloop boson self-energy is included at the 'zero'-th order. The dressed boson propagator, which includes the oneloop self-energy ( Fig. 2(a) ), is given by
to the leading order in
is a parameter of the theory that depends on the shape of the Fermi surface. Since the boson propagator depends on e, the higher loop diagrams are no longer suppressed by e 2 , but by a fractional power of e [13] . Moreover, the boson self-energy diverges in the k F → ∞ limit for m > 1. This is due to the fact that the Landau damping gets stronger for a system with a larger Fermi surface, as the boson can decay into particle-hole excitations that encompass the entire Fermi surface for m > 1. This is in contrast with the case for m = 1, where a low-energy boson with a given momentum can decay into particle-hole excitations only near the isolated patches whose tangent vectors are parallel to that momentum.
By using the dressed boson propagator, we compute the one-loop fermion self-energy Σ 1 (q) (Fig. 2(b) ). This blows up logarithmically in Λ at a new critical dimension
which is smaller than d c for general 1 < m < 2. Now we consider the space dimension d = d c (m) − . In the dimensional regularization scheme, the logarithmic divergence in Λ turns into a pole in 1/ :
to the leading order in q/k F , where
. The one-loop vertex correction in Fig. 2 (c) vanishes due to a Ward identity [13] .
To remove the UV divergences in the → 0 limit, we add counterterms using the minimal subtraction scheme. The one-loop beta functions, that dictate the flow ofk F and e with the increasing logarithmic length scale l, are given by 
k F increases under the RG flow because the size of the Fermi surface, measured in the unit of the floating energy scale µ exp(−l), increases at low energies. The first term in the beta function of e indicates that e remains strictly relevant at d = d c (m) for 1 < m < 2. However, the form of the loop correction (the second term) implies that the higher order corrections are controlled not by e, but by an effective couplingẽ. This can be also checked for higherorder diagrams. The beta function forẽ, which no longer containsk F , is given by
to orderẽ 2 . The effective coupling flows to a fixed point atẽ
. For small , the interacting fixed point is perturbatively accessible despite the fact that the scaling dimension of the bare coupling e stays positive in the → 0 limit for 1 < m < 2. Although e grows at low energies, the increase of the bare coupling is compensated by the Landau damping, which also increases with the effective size of the Fermi surface. The competition between the interaction and the Landau damping makes the effective coupling marginal at the new critical dimension d c . It is interesting that k F drops from the effective coupling not only for m = 1 but also for m = 2. For the latter case, the k F dependence in the Landau damping cancels out the k F dependence from the phase space of intermediate states in Fig. 2(b) . However, the boson propagator in Eq. (4) remains strongly dependent on k F for all m > 1.
Here the dynamical critical exponent z and the anomalous dimensions are given by
to the one-loop order at the fixed point. It is remarkable that the exponents are insensitive to the details of the Fermi surface (such as β d ) despite the fact that patch scaling is violated by k F . The finite anomalous dimensions are the result of the dynamical balance between the two strongly relevant couplings e and k F . This is opposite to the case where finite anomalous dimensions result from a balance between two irrelevant couplings [14] . From this, one can write down the general scaling form of the two-point functions at the IR fixed point as:
where
. To the one-loop order, the universal scaling functions are given by
in the y, z → 0 limit. Here C = µ
, and γ is the Euler-Mascheroni constant. It is noted that f D has a singular dependence on z in the small z limit. The absence of the sliding symmetry makes the fermion Green's function depend on δ k and L (k) separately in general.
So far we have not considered the four-fermion interaction V , which has the tree-level scaling dimension −d+1+m/2. However, scatterings in the pairing channel are enhanced by the volume of the Fermi surface ∼ k m/2 F . As a result, the effective coupling that dictates the potential instability, driven by the four-fermion interactions, is given byṼ = V k m/2 F , which has an enhanced scaling dimension −d + 1 + m.Ṽ is marginal at the tree-level for
the interaction plays an important role for the pairing instability [20, 21] .
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. Performing the integration over k d−m , we obtain
where we have chosen a coordinate system such that L (q) = (q d−m+1 , 0, 0, . . . , 0), without loss of generality. Because of the rotational symmetry in L (q) , Π 1 (q) depends only on its magnitude. From the expression for the integration
with
and
for the integration over the remaining components of L (k) , the self-energy is written as:
It is difficult to obtain the exact expression of Π 1 (q) for general values of k F and q. Here we focus on the limit of physical importance where k F is much larger than all other scales, including external momentum and the UV cut-off of K. In this limit, we use F(y, u) 1 2 |y| for y, u 1 to simplify the expression for the self-energy to
Using the Feynman parametrization
with n 1 = n 2 = 1/2, A = |K + Q| 2 and B = |K| 2 we rewrite Eq. (A6) as
The integrations over K and t give
for 0 < d − m < 2, and the self-energy is obtained to be
where β d is defined after Eq. (4). The expression in Eq. (A9) is valid for
On the other hand, it is no longer valid in a slim region of q satisfying
1, when k F is large but finite. Now let us consider the boson self-energy in this region. When
, we need to use the expression
to the leading order in 1/k F , where
Using the Feynman parametrization (A7), we obtain
. Finally, the fermion self-energy is obtained to be .
The above expression has been obtained by using the boson self-energy in Eq. (A9), which is valid in the large k F limit. Now we explicitly check that our use of Eq. (A9) in Eq. (A17) is valid to the leading order in 1/k F . Suppose we use the exact expression of the one-loop boson self-energy, which is valid for all k F , to compute the fermion self-energy:
Π exact 1
deviates from Π 1 in Eq. (A9) for
where Λ is the UV cut-off for K. In this region, we can safely ignore the exponential damping factor and the contribution of |L (k) | in δ q−k . In this case, we have
Integrating over |L (k) |, we obtain 
where 2 F 1 is the hypergeometric function. In the limit k F → ∞ with fixed Λ, we have → 0, where I 2 is defined in Eq. (A18). Therefore, Σ exact (q) goes to Σ(q) in the large k F limit, and Eq. (A22) is valid to the leading order in 1/k F .
